We study the dynamics of the two-level atomic systems (qubits) under a double-layer environment that is consisted of a network of single-mode cavities coupled to a common reservoir. A general exact master equation for the dynamics can be obtained by the quantum-state-diffusion (QSD) equation. The quantumness of the atoms including coherence and entanglement is investigated within various configurations of the external environment. It is shown that the preservation and generation of the quantumness can be controlled by regulating the parameters of the cavity network. Moreover the underlying physics of the results can be profoundly revealed by an effective model via a unitary transformation. Our work provides an interesting proposal in protecting the quantumness of open systems in the framework of a double-layer environment containing bosonic modes.
I. INTRODUCTION
It is nearly unavoidable to regard the coupling to an external environment [1] when modeling a realistic quantum system. Protecting the concerned system from decoherence in various forms caused by the environment is always a central problem or task for both quantum information processing and quantum computing [2] . Many approaches, such as quantum error correction [3, 4] , dynamical decoupling [5, 6] , quantum Zeno effect [7, 8] , have been applied to suppress the leakage of quantum information from system to environment. These approaches focus mainly on the operations performed on the concerned systems. Alternatively, improving the understanding and manipulating of the system-environment interaction in terms of coupling operator, coupling strength and environmental configuration is also meaningful to protect the quantum property of the system.
With respect to the configurations of the external environment, the structured and hierarchical reservoirs have attracted extensive investigations. For example, several independent reservoirs could interact simultaneously with a single central system [9] . Furthermore, the correlation between the sub-environments of the total system [10] might be taken into consideration. In many realistic scenarios, the quantum system is surrounded by the environments layer by layer. It means that the central system directly couples to some components of the total environment that are further coupled to the other components of it. In quantum-dot systems, the phonon bath can indirectly influence the momentum of the electron spin through the spin-orbital interaction involving the electrical field exerted by the positive-charge nuclei [11] . And the nuclei is directly coupled to the electron spin through hyperfine interaction. The singledonor electron spin in silicon is also exposed to a similar environment [12, 13] . In the NV center system [14] , the * Email address: jingjun@zju.edu.cn central spin is strongly influenced by surrounding electron spins of Nitrogen impurities, which couple simultaneously to the nuclear spins of both Nitrogen impurities and carbon 13 . In the spin-cavity-boson model [15] , the spin-photon interaction is used to establish the entanglement between two distant electron spins in diamond, while the photon loss due to the coupling with bosonic environment reduces the fidelity.
Inspired by these facts, the system coupling to an environment with more than one-layer was proposed theoretically in recent works [16] [17] [18] . An interesting instance is that a two-level system interacts with a damping cavity mode discussed in Ref. [16] , where the dynamical feature of the concerned system is studied by modifying the parameters of cavity and reservoir. Consequently, in Refs. [17] and [18] , the authors suggested a more complicated hierarchical environment, where one qubit is placed in a damping cavity that is interacting with other damping cavities. The role of the coupled cavities played in the non-Markovian dynamics of the qubit has been discussed in details. The results indicate that the structure and parameters of a multi-layer environment have a vital influence on the intrinsic behavior of the central system. In this work we introduce an exact treatment to a double-layer environment, and extend the model into a more realistic situation which is not limited to the onequbit case. Our treatment can be easily applied to more complex hierarchical environments with more layers.
Another motivation of this work is to find a way to protect the quantumness of the concerned system in a double-layer environment. The model we are interested is structured as follows. The concerned system is consisted of qubits that are individually placed in the singlemode cavities. These cavities are mutually coupled with each other and coupled to a global multi-mode reservoir. Based on the exact dynamics of the system, it is demonstrated that the cavity-cavity coupling strength and the cavity-network size have a profound impact on protecting the quantumness (including quantum coherence and entanglement) of the concerned system in both Markovian and non-Markovian reservoirs.
In our approach, although the interaction between the single-mode cavity and the qubit is coherent, we can treat the cavity modes as the first layer of the total environment. The state of the concerned system at the moment t is given by ρ s (t) = Tr E [U (t)ρ s (0) ⊗ ρ E (0)U † (t)], where ρ s and ρ E represent the reduced density matrix of the open system and its environment, respectively. The direct product at t = 0 means that the system and the environment are initially uncorrelated. It should be emphasized that the density matrix of environment ρ E contains both the cavity modes and the global reservoir (the second layer of the total environment). We follow the exact method in Ref. [19] and treat the states of all the environmental modes as complex Gaussian noises. Thus the qubit system can be described by a special stochastic Schrödinger equation, named the quantumstate-diffusion (QSD) equation.
The rest of this work is organized as follows. In Sec. II, we present the theoretical model in a general situation where M qubits are separately located in N damping cavities, N ≥ M . In Sec. III, we present the application of the QSD equation in our model, its ansätz in the O-operators formation, and the consequent exact master equation. The detailed derivation can be found in appendix A. In Sec. IV, we study the coherence of a onequbit system and the entanglement of a two-qubit system as two typical qualities of quantumness. The effect of the coupled-cavity network is investigated in details. By means of an effective model described in appendix B, we explain the relevant physics in an alternative way in Sec. V. Finally we draw a conclusion in Sec. VI. In our model, the qubits that might be used to implement the tasks for quantum computation or information storage are individually located in the nodes of a quantum network consisted of the mutually-coupled singlemode cavities. All the cavities served as the nodes of the network that are embedded in a global reservoir. The configuration of the whole system is depicted in Fig. 1 .
II. THEORETICAL MODEL
The total Hamiltonian in the rotating picture with respect to H 0 = H c + H e , where H c = N n=1 ω cn a † n a n and H e = k ω k b † k b k are the Hamiltonians of the cavities and the external global reservoir, respectively, can be written as
It is composed of four parts. H q represents the concerned system containing M qubits. σ Here the spontaneous emission of the qubit is omitted. This assumption is physically reasonable in certain situations. For example, in a hybrid system where the atoms or spins interact with the superconducting resonators, the coherence lifetime of atoms is much longer than that of resonators due to their comparatively weak interaction with the surrounding environment [20] . Moreover, it is noticeable that we do not yet consider the direct interaction between qubits, since they are isolated by the cavities individually.
This structure of the total environment can be wellunderstood from the viewpoint of a hierarchical environment. The correlated cavities are the first layer of environment, and the global reservoir serves as the second one. When the qubits contact with the leaking cavities, the quantum information of the qubit system will probabilistically travel across the the first layer and the second one and then come back. Thus its dynamics is determined by the features (configuration and parameters) of the whole environment. After resolving the dynamical equation in a nonperturbative way, we would demonstrate that the coupling strength between the cavities, the interaction between the qubits and the cavities, and the number of the cavities play important roles in the dynamics of the qubit system.
III. NONPERTURBATIVE MASTER EQUATION OF THE QUBIT SYSTEM
Recently an improved method based on the QSD approach is suggested to deal with the hybrid system consisting of atoms and cavities [19] . Its key idea is to treat the cavity as a constituent of environment or noise, which follows a special correlation function. Using this approach that is insensitive to the number of cavities, one can deal with all kinds of configurations of cavity network or array. More importantly, exact solution could be obtained for both Markovian and non-Markovian reservoirs. In the current section, we will derive an exact master equation of the qubit system in a general situation, where M qubits are individually embedded in N cavities (M ≤ N ).
Following the standard QSD approach [21, 22] , the full wavefunction of the total system (including system and environment) |Ψ(t) can be projected to the Bargmann coherent states of the environment. It results in the following stochastic wavefunction of the system part:
where ||x ≡ N j=1 ||x j and ||y ≡ k ||y k represent the random Bargmann coherent states for all the modes of cavity a j and reservoir b k , respectively.
The exact linear QSD equation can be formally written as (see appendix A)
where
The termsH qc ,H cc andH ce result from the interactions of qubit-cavity, cavity-cavity and cavity-reservoir, respectively. The O-operators are defined as
where p runs from 1 to N ≥ M and the time-dependent complex Gaussian processes x * ps and y * s respectively satisfy the following correlation functions
stands for the ensemble average over the noise x * pt or y * t . Note in above we have assumed that the spectrum density of reservoir has a Lorentz form
where Γ is the coupling strength between each cavity and the global reservoir, and γ is related to the bandwidth of the spectrum measuring the memory capacity of the reservoir. The operatorsŌ xp (t) andŌ y (t) are defined as
Furthermore, using the Novikov theorem, we can derive an exact master equation of qubit system from the linear QSD equation under the one-excitation conditioṅ
where ρ s is the density matrix of the concerned qubit system. It can be seen that the master equation involves explicitly with the O-operators arising from the cavities which are embedded with qubits, i.e.,
. . , N ] from the cavities and O y from the external reservoir (the second layer of the environment) are mutually correlated with each other, whose dynamical equations form a closed set. The details can be found in appendix A.
IV. QUANTUMNESS OF THE QUBIT SYSTEM
In this section, we are working in the conditions in which the qubits are resonant with the cavities, i.e., ω am = ω cn = ω, and the coupling strengths between qubit and cavity as well as those among cavities are isotropic, i.e., Ω a1 = Ω a2 = · · · = Ω aM = Ω a and Ω pq = Ω. For simplicity, throughout this work we suppose the initial state of the total system is given by ρ = ρ s ⊗ |0 c1 0 c2 . . . 0 cN 0 c1 0 c2 . . . 0 cN | ⊗ |00 · · · 0 00 · · · 0|, where |0 c1 0 c2 . . . 0 cN and |00 · · · 0 indicate that there is no photon in both cavity network and reservoir when t = 0. In the following parts of this section, we will investigate the exact dynamics of one-qubit and two-qubit systems, focusing on the effect from the double-layer environment on the quantumness of the qubit system.
A. Coherence of one-qubit system (|e + |g ).
As one of the most important quantum resources, quantum coherence has been investigated intensively [23] [24] [25] . In this work, we employ the relative entropy as the measure of coherence. Its definition is [23] 
where S(ρ) ≡ −Tr(ρ ln ρ) is the von Neumann entropy, and ρ d s is obtained by cancelling all the off-diagonal elements in the density matrix of ρ s . We present the coherence dynamics of one-qubit system based on the results of exact master equation (6) with M = 1.
Firstly, we assume the global reservoir is Markovian, namely in the correlation function (5) γ/Γ → ∞, and the number of cavities is fixed as N = 3. The initial state of qubit is prepared as |ψ s = 1 √ 2
(|e + |g ) and then its coherence is 0.707 at t = 0. In Fig. 2(a) , it is shown that the dynamics of the qubit coherence can be modified by regulating the coupling strengthes Ω a and Ω. From the black solid line, we can see that if the coupling between the qubit and cavity Ω a is strong while the coupling strength of cavity-cavity Ω is comparatively weak, the coherence will quickly decay, then rapidly revive, and then repeat such an intensive fluctuation with an asymptotically decreasing amplitude. With the increasing cavity-cavity coupling strength Ω, it is shown by the blue dashed line that the amplitude of the oscillation is reduced and asymptotically the coherence follows almost the same decay pattern. In the red dotted line with a smaller Ω a , the fluctuation of the coherence is further suppressed and the amplitude of the coherence asymptotically decays in a much slower rate with time.
The average coherence
dsCoh(s) can be used to reveal more things about the coherence in the parameter space of Ω a and Ω. In Fig. 2(b) , it is shown that during a desired evolution period Γt = [0, 200], the average coherence can approach a high value by enhancing Ω while reducing Ω a . When the qubit-cavity coupling strength Ω a is comparatively weak, the average coherence can be sensitively manipulated by the cavity-cavity coupling strength Ω. Considering the strong system-environment coupling in some of the realistic systems, in which the effect of the non-Markovian environment due to its memory capacity can lead to more protection of the central system. The correlation function obtained by the Lorentz spectrum (5) will become proportional to the delta function corresponding to a strict Markovian reservoir when γ → ∞; while in contrast it will manifest a strong nonMarkovian effect when γ → 0. Thus through changing γ, we can achieve the transition of reservoir from the Markovian to the non-Markovian regions. In Fig. 3 , we fix the coupling strengthes and the number of cavities while changing γ. It is shown that the revival of coherence can be promoted by a small γ yet the amplitude of the coherence fluctuation is insensitive to it, which means the non-Markovian reservoir has a positive effect to protect the coherence of the qubit as well as its average. (|e + |g ).
We have more numbers of cavities in a larger size of quantum network. The total system thus become more complicated when more cavities involve into the dynamics. In Fig. 4 , we fix the coupling parameters as Ω a /Γ = 0.1 and Ω/Γ = 0.2 and present the coherence dynamics with N = 2, 4, 8 under the Markovian reservoir. It is obvious that increasing size of the cavity network in the first layer is helpful to suppress the decoherence rate. The amplitude of coherence fluctuation is also enhanced by the network size. This result could be understood that a larger first-layer environment provides more chances for the exciton coming back to the central qubit system in the presence of the irreversible loss to the second-layer environment.
B. Entanglement of a two-qubit system
As an important physical model for quantum state/information transfer [26] and the superposed state preparation, the dynamics of two-qubit system has been widely studied in many literatures. In this section, we focus on the entanglement dynamics of the two-qubit system attained by the master equation (6) with M = 2. We adopt the concurrence as a measure of entanglement. It is defined as [27] C(ρ) = max 0,
where the quantities λ i 's are the eigenvalues in the decreasing order of the matrix
and ρ s is the density operator of the two-qubit system. Inspired by the results in the one-qubit case, here we still focus on the effect of the coupling strengthes Ω a and Ω, the memory parameter of environment γ and the size of the cavity network N . Firstly, we suppose the global reservoir is of Markovian and the number of cavities is fixed as N = 3. We assume the state is initially prepared in a symmetric Bell state
(|eg + |ge ). In Fig. 5(a) , we choose four pairs of coupling strengthes Ω a and Ω to present their respective effect on the entanglement dynamics. In comparing the two black lines or the two blue lines, it is shown that the survival time of entanglement can be extended by strengthening the couplings among the cavities Ω while maintaining the same coupling between qubit and cavity Ω a . Strong couplings among the cavities can also suppress the amplitude of the concurrence fluctuation, which is consistent with one of the conclusions found by a previous model with spin environment [28] . From the pair of the black solid line and the blue dotted line or from that of the black dashed line and the blue dot-dashed line with circles, we can see that a weaker qubit-cavity coupling Ω a yields a slower asymptotical decay rate.
To see more general situations in the parameter space of Ω a and Ω, we define the average concurrence by
dsC(s) during a desired evolution period Γt = [0, 50]. In Fig. 5(b) , by continuously regulating the values of Ω a and Ω, it is shown that for a fixed Ω a , a larger Ω can maintain the average concurrence at a high level. However, with the increasing Ω a , it becomes more difficult to protect the entanglement of qubits by increasing Ω. From the view of the whole scope, it is inferred that the entanglement is more sensitive to Ω a than to Ω. The result that an entangled qubit-pair favors the situation with a weak qubit-cavity coupling and a strong cavitycavity coupling is coincide with the one-qubit-coherence behavior in Fig. 2(b) .
Under the non-Markovian reservoir, the combined influence of the parameters Ω and γ on the qubit entanglement is presented in Fig. 6 . From the black solid line and the blue dashed line where the cavity-cavity coupling strength is fixed as Ω/Γ = 0.2, it is shown that a small γ/Γ implying that a long memory time of reservoir is effective to protect the qubit entanglement. Furthermore, in the red dotted line and the orange dashdotted line with a larger Ω/Γ, the value of concurrence is promoted to a higher level. So we can infer that the memory effect of the reservoir is helpful to the quantum feedback from the cavity network to the qubit system. From an alternative viewpoint based on the pseudomode method [29, 30] , a reservoir with a spectral density function in the Lorentz form could be regarded as a single-mode coupled to a Markovian reservoir. So that in our model, the employment of the non-Markovian reservoir indeed transfers the double-layer environment to a triple-layer one. In this scenario, the qubit system is effectively coupled to a cavity network and at the same time the network coupled to another single-mode with a strength proportional to √ Γγ, which is further coupled to a Markovian reservoir yielding a decay rate γ. The coherent flow of quantum information between the qubit and cavities has to walk through a longer path before it can irreversibly leak into the external reservoir. It is then understandable that the leaking rate can be effectively suppressed by reducing γ.
In Fig. 7 , we investigate the size effect of the cavity network on the concurrence under the Markovian reservoir. We fix the parameters as Ω a /Γ = 0.1 and Ω/Γ = 0.2. In the case of N = 2 which means there are only two nodes in the cavity-network, the concurrence decreases monotonously with time and with no oscillations. However, the dynamics becomes oscillatory when N > 2. And the results resemble those for the one-qubit situation, where a larger N is more protective to maintain the level of quantumness. This phenomenon indicates the presence of the "extra" cavities (meaning each of them has no qubit therein) renders the quantum information of qubit system spending more time to leak to the second layer. In addition, the fluctuation amplitude of the qubit entanglement is enhanced with the increasing number of "extra" cavities, which shows the feedback of quantumness from the first-layer environment.
V. DISCUSSION
To dig more about the underlying physics, we can construct a general effective model through a set of unitary transformations as illustrated in appendix B. Using this method, the structure of the full Hamiltonian (1) can be remarkably simplified. Particularly for the two-qubit case with N ≥ 3, the effective Hamiltonian under the isotropic parametric condition can be given by combining Eq. (B5) with M = 2 and Eq. (B12):
where both qubits and cavity modes have been renormalized to a set of effective qubitsσ and modesã. The details can be found in appendix B. Now it becomes a model in which one qubit (Qubit-A) is coupled to a single mode (ã 3 ) and another qubit (Qubit-B) is coupled to the other two modes (ã 1 andã 2 ) with renormalized coupling strengthes. The modeã 1 is now the only leaking mode that is coupled to the second-layer environment (reservoir). And the remaining cavities are now decoupled from them. So that in this transformed picture, the qubit system is at most coupled to 3 cavities regardless of the actual size of the cavity-network. The configuration of the effective model is depicted in Fig. 8 (13), it is found that a large cavity-cavity coupling strength Ω enhances the detuning between the effective qubits and cavities, which will considerably reduces the transition rate between the qubit system and the cavity 12), the qubit-cavity coupling strength Ω a now plays the role of the coupling strength between Qubit-B and the leaky cavity modeã 1 , which will speedup the decay rate of the qubit entanglement. With fixed parameters Ω a and Ω, one can also find from Eq. (12) that the effective coupling strength between Qubit-B and the lossless cavity modeã 2 will be enhanced with the increasing size of the cavity-network N . This interaction term results in the obvious fluctuating behavior as shown by the two lines with N = 4 and N = 8 in Fig. 7 even when the external reservoir is of Markovian type. It means that the quantumness of the qubit system can get more protection from a larger cavity-network. In the limit of N → ∞, the coupling between Qubit-B and the leaky cavity modeã 1 will approach zero indicating a perfect protection for quantumness. In contrast, for the case of N = 2, the Hamiltonian H ′ qc in Eq. (12) becomes
in which the effective Qubit-B interacts only with the lossy cavityã 1 . Then it is easy to understand that the evolution of qubit-system entanglement necessarily follows an exponential decay evolution (see the black solid line in Fig. 7) under the Markovian reservoir. The effective model or Hamiltonian (10) can also be used to explain the quantumness dynamics of the qubit system prepared as separable states. Now we consider the product state |eg 12 as the initial state, whose degree of entanglement is zero at t = 0. One can observe the entanglement generation due to the indirect coupling between the two qubits, which is induced by their direct coupling to the cavity network. We show the entanglement generation process in Fig. 9 under the non-Markovian reservoirs with different memory parameter γ. It is shown for the strong non-Markovian environment with γ/Γ = 0.1, the entanglement will nearly achieve the maximal value and quasi-periodically evolve with time. With the increas- ing γ, the quasi-period is enlarged and the revival peak value of the entanglement will gradually decay with time.
In the long time limit, the concurrence under a large γ approaches 1/2. Now we turn to the transformed picture, where the state |eg 12 can be rewritten as |eg 12 = 1 √ 2
(|e A + |e B ). Based on Eq. (12), Qubit-A is decoupled from the reservoir, so the state |e A is isolated from dissipation. However, due to the indirect coupling with reservoir, the state |e B is expected to decay to the ground state eventually by spontaneous emission. So for a long evolution time, the final state should collapse into the mixed state of the dressed state |e A = 1 √ 2 (|eg 12 − |ge 12 ) with a weight 1/2 and the ground state |gg 12 with a weight 1/2. This result is irrespective to the values of Ω, Ω a , N and γ. The same steady-state has been reported in Ref. [31] .
VI. CONCLUSION
In this work, we investigate the effect of a double-layer environment consisted of a cavity network and a global multi-mode reservoir on the dynamics of a central qubit system. Based on the exact master equation obtained by the quantum-state-diffusion approach, we discuss the protection of the quantumness (coherence and entanglement) of the qubit system via manipulating the parameters of the double-layer environment, including the qubitcavity and cavity-cavity coupling strengthes Ω a and Ω, the size of the cavity network N and the memory parameter γ of the external reservoir as the second layer environment. It is found that the quantumness of open system could have a long lifetime under any or all of the following four conditions: (i) the system-environment interaction strength is reduced (a weak qubit-cavity coupling); (ii) the inner-coupling between environmental modes is enhanced (a strong cavity-cavity coupling and a sizable cavity-network); (iii) the external reservoir as the secondlayer environment is structured (a non-Markovian reservoir with a long memory time).
Besides the numerical evaluation, we established an effective model in a transformed picture to understand the underlying physics of this special open-quantum-system model with a double-layer environment. The qubit system is found to be effectively coupled to a very limited numbers of tilde cavity-mode despite in the original picture they are embedded in a leaky network with N nodes. Only one tilde cavity-mode interacts with the secondlayer environment in the transformed picture. Our work therefor paves an extendable way to understand and control the dynamics of the central qubit system surrounded by a multilayer environment. It should be emphasized that the results in this work are not limited to the spin-boson-environment models, but also serve as a clue for other models including spin-spin-environment that is popular in the solid-state quantum devices. In this appendix, we will first derive Eq. (3) based on the standard QSD method, and then obtain the general master equation (6) It is straightforward to find that
where ||y ≡ ||y 1 ||y 2 · · · ||y k · · · . From the Schrödinger equation ∂ t |Ψ(t) = −iH|Ψ(t) with H the total Hamiltonian (1) and the projection by the bra state of the Bargmann coherent state for modes of the two layers of environment, one can directly get a stochastic Schrödinger equation for the central system
− . Regarding x nt ≡ −ix * n e iωcnt , n = 1, 2, · · · , N , as a special "noise process", its corresponding correlation function is α n (t,
Γγ 2 e −γ|t−s| . With the chain rule, one can define the following functional derivatives:
Thus Eq. (A3) can be rewritten as
The ansätz of O-operators are then introduced by
Afterwards we formally obtain
Equation (A8) 
with the boundary conditions
Under the single-exciton condition, it is easily verified that the O-operators satisfying Eqs. (A10) and (A11) can be written in the formation
where we have omitted the subscript xn or y. The coefficients appearingŌ(t) are defined according to Eq. (A9),
Using the Novikov theorem, we have
represents ensemble average, one can consequently obtain a general exact master equation (6) from Eq. (A8)
The example considered in Sec. IV A is a system of M = 1 qubit embedded in a cavity network consisting of N leaky cavities. The O-operators can then be given by
Inserting Eq. (A16) into Eqs. (A10) and (A11) and using the definitions in Eq. (A14) and the spectral function (5), one can obtain the differential equations for the coefficients in the O-operators:
The exact master equation for the one-qubit system can be obtained from Eq. (A15) for M = 1 and Eq. (A16)
In the two-qubit case (M = 2), the O-operators have a more complex formation. Based on Eq. (A13), we have
− .
From the consistency conditions (A10) and (A11), these coefficients follow a close group of differential equations (κ = xn, y) 
The exact master equation of the two-qubit system (coupled to N leaking cavities) is given bẏ
Appendix B: The effective Hamiltonian for the models with arbitrary size of the cavity-network
In this appendix, we use the unitary transformation to simplify the total system indicated by Eq. (1). To be simple but with no loss of generality, we assume an isotropic condition: the qubits have same transition frequency ω a1 = ω a2 = · · · = ω a , the frequency of cavities is also identical ω c1 = ω c2 = · · · = ω, and the coupling strengths of atom-cavity and cavity-cavity satisfy Ω a1 = Ω a2 = Ω a and Ω pq = Ω, respectively. Under this condition (Note it is more general than the resonant condition ω a = ω in the main text) and the single-exciton assumption, we can set up an effective model in which the qubit system is merely coupled to a few tilde modes. Through two independent transformations performed on the original operators of cavity modes and qubits, one can redefine a set of new annihilation and transition operators (N, 
